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The problem of the theory of elasticity for a plate with prescribed
stresses at the boundary will be treated. A study will be made of the
behavior of the state of stress when the thickness of the plate is de-
creased.

Methods of constructing asymptotic processes for this problem were
proposed earlier by A.L. Gol’ denveizer in the lecture to the First
National Congress on Theoretical and Applied Mechanics (1 Vsesoiuznyi
S7ezd po Teoreticheskoi i Prikladnoi Mekhanike) in 1960, and also in
the works of Friedrichs and Dressler [1], Green [2], Reiss [3] and
Gol’ denveizer [41.

The method presented here leads to the construction of asymptotic
expressions for the step-by-step solution of a series of biharmonic
problems, which are equivalent to the problem of the technical bending
theory of plates, and to the inversion of a certain infinite matrix.
This matrix does not depend on the geometry of the plate, and its in-
version need only be carried out once for all plates and loadings.

1. We will consider a plate of isotropic, homogeneous material of
thickness 2h (Fig. 1). The boundary of the
plate consists of two planes [} and the r
cylindrical surface I',. We will assume that
the boundary I'; is free of loading, and
that the loading applied to I, is self-
equilibrating. The assumption that '} is Zh
free has been introduced for simplicity.
These stresses can always be removed by
means of the solution of the corresponding
problem for an infinite layer (see, for Fig. 1.
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example, [5]). Moreover, for these solutions it is possible to construct
asymptotic expansions for small values of h. The behavior of the state
of stress caused by tractions on I, proves to be more complicated. This
question forms the essential contents of the present article.

Here, the authors consider only the algorithm for the construction
of the asymptotic representations, leaving aside the question of the
exploitation of the said algorithm and its motivation. The whole treat-
ment here has been carried out for the case of the flexure of a plate,
although it is clear that the following presentation of the method is
also applicable to the general case of the deformation of a plate.

We will start with the relations given by Lur’e [6]. It has been
proved there that in the absence of loading on '} the state of stress
in the plate during bending can be formed from three states of stress
which henceforth will be called biharmonic, rotational and potential.
The sense of these terms will become clear below.

The biharmmonic state of stress is given by the following formulas:

) = Ka[(v + 1) g%‘g___(v + :13> S xzagép]

. a
p(1) — xa[(v + 1L %’;i — (v +%—)—§; '~'—§,,i] (1.1)
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T = 2uvA2 (1 — 1) —¢ ranp 7,10 = 2uvA? (1 — £%) ——+ aA\p o =0

0.0 = 2 {29 5+ v — ) G|t — <v +4 ) i m"’;g;b} ,
0,0 = 2M{[“V-8n—2+( —1) agz] (v+ ) SN 2azA\p} (1.2)

on?
L., AV
Txu“) = 2“‘;\‘{( )g aaan - ('V + 3) A agan }
C=z/h, E=2/a, n=yla, h="Ph/a)

where @ is a characteristic dimension of the plate in the x, y-plane;
y 1s a certain biharmonic function of the variables €, n; u is the
shear modulus; o is Poisson’s ratio; and A is the Laplace operator.

The rotational state of stress is given by the relations

o smck§ 8Bk

* sing,l 9B,
a® = 2)% Kk 2@ = — 2\2a Z w? =0 (1.3)
2 = 2p)~2 cos o,,g 371 , Tp® = — 2uh 2 cos ck; 6F. , 0,2=0

k=0 k=0
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* sinc,t 0B,

o _ 2

6, = — 6, = 4ph Eo —5. % (1.4)
_ . 2 'sins, L s 92B, 9B,

1,,® = 2pk ,,Z=0 5 ( E — aE )

whére B,(g, n) are found from the equations

B, 8B,

Km0, a=Fa  G-0t2.909)

2

The potential state of stress is given by the formulas

) oC *® oC >
u® =ha >\ np (@)‘agl. v® =ha 3 np (g)_a?p’ w¥=—a3 g (C)iC(;p
p=1 p=1 p=t (1.6)
) ac, b 3Cp
WO =2 Q55 WP =205
o "o aC
=3 2t QCn T = 2 3y (0) 57
p=1 p=1 (1.7)
00 = 2 [T S 5@ €yt gn,, ©%]
e o7,
d,,(3)=2p[ Z (E)Cp+ A Z ny (€ anz]

p=1
where
cos ¥
np (§) = sin Y, g (V sin 71y + —X—L) + v cos 7,c08 T,k
P
gp (©) = cos 1oL [(1 + ¥) cos 1p — Vypsin Tp] + VYpb cosTpsin 15t (4 8)
sp(§) = 7pc0S Tpsin 1L, rp (§) = vy, (sinyycos 15 — L cos 1psin 1,b)

t, (0) = v1p° [sin 1o (m,r > —{ cos 1, coS T,,Q]

In formulas (1.6) to (1.7), Cp(§. ) are found from the equations

ach 620,, 7,,

T vy Cp=0 (P=12..) 1.9)

where 2yp are the roots of the function (sin x)/x - 1.

The summation in (1.6) to (1.7) extends over those roots y_ that have
positive real parts. Formulas (1.3) and (1.6) show that the displacements
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u and v in the rotational case will be the components of the rotor
{curl] of some function, and in the potential case they are those of
the gradient of some function.

The formulated problem on the state of stress in the plate could be
solved, if those boundary values of y, B, and C, necessary for a com-
plete derivation are determined by the prescrlbed stresses on I,. This
will be done below with the aid of Lagrange’s principle of virtual dis-
placements. As a preliminary, we will discuss the degree of arbitrari-
ness in the determination of y, B, and C,. Let us assume that all
stresses in the plate are zero. By virtue of the independence of the
state of stress, the biharmonic, the rotational and the potential states
of stress must vanish separately. If the bihamonic state of stress
vanishes, then, from (1.2), we have

o iy
agz +( )anz - 0 y (V - 1) dtl V 6712 —_ 0, Eg—a—ﬁ-— 0 (1.10)

For values of v that are physically possible, it follows from (1.10)
that all second derivatives of y vanish, and consequently it has the
form y = k& + k,n + k. Tt is easy to see that y
this simply corresponds to a motion of the plate ¢
as a rigid body. In order to henceforth exclude
this motion, we will assume that

(1.11)
ou'? ap'l)

w(l)_—_O, —-=O, T—O wheng_—_:n:g:o

An analogous treatment shows that B, and C
vanish, 1f the corresponding stresses vanish.'
Thus, there is no arbitrariness at all in the determination of B, and Cp.

2. For the following, certain formulas will be needed which charac-
terize the behavior of the solutions of equations (1.5) and (1.9) for
small values of h. Both of these equations can be written out in the
following form:

2D 0P a? O=0

FF o — 3 ., Rea>0 (2.1)

The Dirichlet problem for equation (2.1) will be treated. For the
derivation of the relations that characterize this problem for small
values of h, we pass over to the local system of dimensionless coordi-
nates s and n (Fig. 2).

In this connection, equation (2.1) assumes the form
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20 |, 20 R a o0 anRR/ a3
n?T T Bt (R+an2+ 6n R+an T 8s (R+ an)"_'ﬁm =0 (2.2)

where R is the radius of curvature of contour [ of the boundary I';
(Fig. 1).

In order to obtain the asymptotic representation of the solution to
(2.2) as A = 0, we will apply a method that was described in (7]. For
this, we will carry out a stretching along the normals by setting n=At.
In this connection, equation {2.2) assumes the form

R0 . #O  AR? ak an  alMRR/

—2 _
o T s (R+am)z+az R+ akt ds (R 4+ aht)? “?0=0 (2.3)

We will look for the solution of (2.3) in the form
D (s, t) =y (s, t) expat (2.4)
If (2.4) is substituted into {2.3), for x(s, t) we obtain

32 a2 2 R2 9y  ath’RR/S
X X A s + % aa

o (R ¥ an)? + a: (2 *+ g7 + aM) 3s (R + aM)? R + aht =0(2.5)

Further, we will assume that y(s, t) can be given by the series

x (s, ) = %o (s, 8) + Ay (s, t) + A (s, 1) 4+ . .. (2.6)

From (2.5), we obtain for x,(s, t) the recurrence relations

Yot + 2aXet = 0, Yot + 20Xy = — E;—;C—o——;f—xot
Aot + 20Xgr = — Xoss— ’% (—- _at_XM + %y — <El%t'xm‘ + le)
s 2.7)
stt + 2aX 33t = — xust Xlss + 2t Xoss —'Z— (X ! —t— 'th +

+t2;;: U,—{—axz-—at——x + at? X)

From (2.7), it i1s found that

Yoat 1 / 3aa? " a?
Xo =Ko (8)y X = — 55, 2:2a(4R2 hat? — At — gz Hot) (5 g
1 5 ” X ’ ”
Xy = 2—{ sd;s Xot® + 22 [—7 R2 CL + i (ZR —RE + _a2)] +
” 201 " "
+_2a[ TN+ e — g ho QRN — RR az)]}

where x,(s) is some, as yet arbitrary, sufficiently smooth function
which is determined from the boundary conditions when t = 0. Let
(s, t)|r=¢(s). In this case, (2.4), (2.6) and (2.8) yield x,(s) =q(s).
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Thus, for ®(s, n) we obtain the asymptotic representation

173 2 ”
(D(s,n)={ 2an>+2a[42?n’q>—4%kmp——lncp]+

1 5 , , 2R — RR" + 35 4
+ za[ 81;’ an’e + An? (212"’ "’Ez"p +a iR e q’>+ (29)
2R’ , 2R"— RR" + a8
+'ZT('_ ¢+ ;22 —a 2R - q’)]+"'}°xP%ﬁ

Solution (2.9) has the property that ® - 0 as the point moves into
the region (n = - ). In the following, it will be necessary to have the

expressions for the derivatives along the normal to the contour. From
(2.9) it follows that

Bt o= [ro s Eoos
g ¥+ my — e IS e o)
6;%r=%{a’¢—wwk+[mw—¢”Jk”+[Z—:t',z-(p”Jrg—u%:Tfp]?»“Jr..-}

We will assume that on the boundary ¢(s) can be represented in the
form of the series

P () =@ () + Apy (s) + Ay (s) + . .. (2.11;
=l —Ha%w%(acpl 27 %) + M [0 — 55 01 —
—( s P — o) |+ 4 [oms — Tr @ — (2.12)
— (o + & )+(——mtpo”+-2—§2%%’—0W¢o)]+...}
22—l tr (0 = 5 )4 — o
ESN s
+ 3 [a’cps — 5ot (g e — 0") + (oo O + o %)]-l- }

3. We will now make more precise assumptions concerning the external
loading and the contour I'. We will assume that the system of tractions
N(z, s), T(z, s) and Z(z, s), (Fig. 3) is prescribed at every point of
F,. We will write out the conditions that the moments of these forces
about the x- and y-axes should vanish. We have

h

[— Tzcos nt — Nzsin nz + Zyldzds = 0

T —h
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s (3.1).
(§ S [—Tzsinnz -+ Nzcos nz —Zzl dzds=0
r

—h

From (3.1), it is clear that the order of Z in A = h/a must be one
unit higher than that of T and N.

We introduce the following statical characteristics of the external
loading:

Tzdz = WG, (s)

[FENS

h h
S Nzdz = B*M, (s), S Nz® dz = hAM, (s),
—h —h

h 1
{ 72 do=nsg, (9), Y W OmE G = T (5) (3.2)
A - h i 1 )
S Zdz = hQ, (), S Z2dz = BQ, (s), S N E2ImE g — N (9)
—h —h —1 m

1 1 )
{mpa=me, (moa=-r0, (zawa-=20
—1 -1 —1

We will assume that all these statical characteristics can be repre-
sented in the form of power series in A. In addition, it is evident that
the expansion of M| will be of the form

My (s) = MMy (s) + A2Myp (s) + MMy (s) + . . . (3.3)

It is obvious that M3, Gl, G,, N;, T;, Nt and Tt will have expansions
of exactly the same type. The expansions of Q%, Qz and Z, will commence
with terms of the second order. We will further assume that all of these
functions have a sufficient number of derivatives with respect to s.

We will also assume that the contour I' bounds a simply-connected
region Q, is sufficiently smooth, and let the radius of curvature R of
contour " as function of s have a sufficient number of derivatives.

4. We will determine the boundary conditions for y, B, and C by
making use of the fact that the stresses are known on the boundary of
the plate. We will start from Lagrange’s principle of virtual displace-
ments, which in the present case can be written down in the form

3 SSSde dy dz— §§ (Woun + T8u, + Z8w) do =0 (4.1)
Iy

v
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where u and u_ are the components of the displacements along the n-
and s-axes.

We will seek the deformed state of the plate in the form

w o= p _{_ u(‘l) ...I... u(3)
== v(]) ~+_ v(?) + v(3)
w = ' - w'? + w3} (42)

taking for the generalized displace-
ments the values of the functions y,
Bk and C_ and the value of the normal
derivative of function y on I". We will
substitute (4.2) into (4.1) and take
account of the fact that the displace-
ments (4.2) must he exact solutions of
the equations of the theory of elasti-
city. As is well known [8], the volume integral on the left-hand side
of (4.1) can in this case be converted into a surface integral

1 (0n Bun + us b1 + te 8w) do = | (Vous + Tou, + 28w) do (4.3)

ot

Ty i

u, and u_ are defined by the formulas

where Opr Tper Thzr Yy

On = (0.0 4+ 6, + 0,9) 12 + (0,0 + 6,2 + 0,®) m? +
+ 2 (T)V + Ty A ) Im

Tps = (Txym -+ Tx"(2)+ rxy(:;)) (12 _ m2) + (o-ym + UU(‘.‘) +
40, — 0 — g — g, ) m (4.4)

Tz = (T + T + 1.8 I+ (7,0 - 1,."% + 1, m

Up = (u) 4+ u® 4 u®) ] 4 (v 4 0@ 4 )

Uy = — (O + u® 4 u®) m 4 (20 £ @ 4 p) ] (4.9)
All stresses on the right-hand side of (4.4) should be taken from
(1.2), (1.4) and (1.7), and in (4.5) the displacements should be taken

from (1.1), (1.3) and (1.6). In this connection, we obtain

s 1 8% a 1 3P aR 1 8y
Un:Zpl{{Zv—dn—z—%—(v—i) (‘jp‘@’—‘" 7?777}7+n A2 F—é‘;)]g—
sin 5, § 1 B, 1 a 0B,

1\ 3 22AY g
_(V+"5)‘“2"7”2 o }“}' LY 5 (7 n Os "Tﬁi{”@?)'*’

k=0
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v - 2°C
+2u [ 3} 1y (©) e |
p=1
o 1 a oy 1y 3 1 0tAYp _
Tns = 2ph {(V + 0o — e — (" 5) W (7 ngs
1 a 9AY 2 sing, § /4 9B, {1 a 9B,
— TR a >}+2Wk§] v S
=0
aR 1 BBk 323k o2 C 1 a 60
Trwm e T3 )"F?‘“"Z"P(C)(u o — WWE 5 >(46)
2 o0 ac,
= 20021~ 1) 2% 20 S cosel T 42 D) 1y (1) 2
k=0 =1
un = (v + )a?»@————-(v—}— )33———%"’—{—
n on
+ 2Ma Z sing,¢ '111“ 1 ha Z n
k=0 x p=1
1 4 1 3 1 8A . a
= (v + )AL — (v 5) 5 Ma 5 B — (r=t +n )
- 3B, aC
— 23 3 S0 3¢ Z o (0) 2 4.7)

k=0 p=1
w=—( + 1) ap— (v—1) S A%y 4+ 2A2%Ap —a S g, (1) Cp
p=1

The values of the functions B (s n) and C (s, n) on I" will be de-
noted by b (s) and ¢ _(s), respectlvely. In equation (4.3), we will only
vary the boundary value of y, by taking &b, = 5cp = 0. In this case we
obtain

2 <§> ds {Aa %Y co% | pallY | pay 4 Foap} =

= ds {(v+1)lea~"’ S (v+3) M 28 4 (v g 2
r
1
7V

(vt 3) W68 T3 — (v 1) Qv + 22 (171 0, + 2v0,) 804} (4.9

where
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A_{ (v+1)x2[ ‘q'+(”—1)(asz + 2

— 5+ +) MER L4+ A =

. o o _m :C
+ 2 (v —1) 2, sin? T, (cp — ? —(3—;213)} _ (4.9,

p=1

B=foglrg)ar o -0 (5 + @)+
e e . =k
=)o+ )13 (B sty + 2 (o - 2 ) -

sin® 1, 0:C,
}n_o (4.10)

—12v(v+) i T Gt

2 * o o 1 1 200 a dAY
= o+ — o) — 5D (v )M (G — w et
& (1)t 0%, a 9B, B,
-{—2(‘\?—{-—1)7»32 ot (as’ R on — anﬂ)_

k=0

2y ,0C 0
—2pA ) 2 T 7w (419

D = (bt + v 4]0 (5 — 5 )+

b (GA - 5 2) — (r )R D O (G

k=0

a 9B, _623,,) 3ck=_6_(v+i>“ i'}i_[(y 726 smz’r +2)(1_v)+
p

AN R “on ont 6,
p=1
sin? 'rp aC, a Oc,
+12v — " 2| — & 73?)},,:0 (4.12)
__yf+ ab
E=—tviv+nd xz‘ ) ok (4.13)

n=0 k=0
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_ {2 dAY o (— )kt Bby
F_{Tgv (19v + 1) A€ on +vk2[ ] o O3
=0
@ sin?y,, 9C
— 4 — Ny — L2 4.14
- R S an} u (4.14)

If some of the terms in relation (4.8) are integrated by parts, it
can be given the following form:

2u<3)ds {Ab +Bo22Y 1 (E - %‘s’_) S -+ (F — —)amp}

-$ s{v+1) AR — L (v L) M 2 — v+ 1) (Qo+ 2 52 b0+
r

3G

+[M (AT e+ 200 + 5 (v 3 )v Joae}  @t5)

We assume that wlr and Bw/ahlr are independent in the variational
equation (4.15). Since y is a harmonic function, Ay and 9Ay/Snon I
can be expressed in terms of W'F and'aw/anlr In concrete terms, this
expression can be established in the following way: it is known that
every biharmonic function can be determined from its values and the
values of the normal derivative on the boundary curve by means of the
formula

v (P) = <§>K P, Q¥ ( Q)dQ+§>Kz P, QE(@d0  (416)

where K, and K, can be expressed in terms of Green’s function G(P, Q)
of the first boundary-value problem for the biharmonic equation. From
(4.16) 1t follows that

do  (4.17)

n=g

Al = §Kyy (5,09 (0, 0) do+ § Ky (5, 0) 202
r r

3 A = <§3Kﬂ (5,9 ¥ (3, 0) do + @Km (5,0 &) a5 (418)

n=0

Moreover, the functions K.. can be expressed in terms of the deriva-
tives of G(P, Q), and they contain the delta-function of s, o and its
derivatives. However, for our reasoning in the following this will not
be of importance. From (4.17) and (4.18), it is possible to express the
variations 5Aq;|r and S[BA\y/an]r in terms of 5ty|r and 5[3y/3n] r
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In addition, formula (4.15) assumes the form
2;1@1&{/1 (s) 6 2 1)

+ 2p @@ {B (s) Kgy (s, 0) + [F () _aD (v) ]Ku(s o)} o (0, 0) ds do +
=+ 2P' @@{ S) ng S U) + l:F (S) aDaiv) :IKm (s, 0)}6&;{_’2 3

ds do=
n=0
_<§>{v+1 ) MMy (5) 8 224 ) .

+[E (s) — "’C‘S)]axp (s, 0)} ds -+

n=0

— (v [QO (s) + 1260 ](hp (s, 0)}ds 4

£ §§ (- (34 4) 100, (9 K (5, 9 4+ [ 2510204 () + 291200 () +
rr

1

SAVREE SE

]Kn (s, 5)}5”47(6 0)dsds +
+ b {— 3 (vt F) P M K09+ [ 7 () 2vA2Q, (5) +
iy

+%<v+ 1)13663(3)]1‘”(8 o)} a‘l’((;nv n) .

dsds (4.19)

If now the order of integration in the double integrals is reversed,
and the coefficients of both 5[%y(s, n)/onl n=¢ and of 8y(s, 0) on the
right- and left-hand sides of (4.19) are equated, we obtain the follow-
ing two functional equations for the determination of the boundary

values of y, dy/3n, B, and Cp:

A (s) + §>B (©) Ky (0, §) do +§>[F (o) — 220 ]Km (@, ) do — (4.20,
r r

=71P'—(v + 1) AM, (s)—%};(v-}-%*)}“a‘?fwa(ﬁ)l\’zz(di s)ds +

+ % <§‘>sz (s, ) {m[vgi Q2 (5) 4 2vQ, (g)jl n _%(v n —;13—> A3 gcaaT(cs)}dc

£ (9 — _aD(u

ac (s)
as

+<§>B(0)K21(0, §) do +<§>[F() ]Kn(c s d
r r

== [0 A g [y )2 G M () K (0, ) do

+—%§K11(6, s){x2lvz1 Qg(G)‘J[—QOO(G)] ; (VT d)}"s 603(5)}d°
r

(4.21)

5. We will now assume that the variation of all quantities in equa-
tion (4.3) can be achieved only at the expense of a variation of the
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boundary value B,. We note that the term 5[ /an]r occurring in the
variational equatmn is expressed in terms of §b, by means of relation

(2.10). Finally, we have

)(as‘p aR' 3 a "2"’)7\

28 +1 331.[)
bl R R e B a2

Bsdn?
—%("JF?T)%':Z:S” nga:fz}n:o*’ (5.1)
oz O om— 55— (g )+ [+ D (E = 7 5
— ) e (G £ 2B
+ 2 o (G o T 2 T
+[cm—§%—zi(:;+£2—)+---][%-"% *w -
- B ;T}isfl"z{”? s +(1—v$°”° Apas
(1R ) ) (2
BEE AU SN PR R R U
(m=0,1,2,..)

If it is similarly agreed that 8¢, in equation (4.3) is non-zero, we

obtain the following functional equatlon

ST By aR 0y e B\
{2(1 v?) A 2( )

dson ' R® 8s R ast
s
—(v+) [+
Tt
130, SID®T) 9AY

X(B“’Al[) aRiony e 8”A1p)+12v( -l"-—flj—)?k 2 on J__. T

—6
3 sint 1, +2) (1 — v) + 120 T'] X

Gson T W 8s TR 08 0 o
[ gr = () ) [ o - (T4 220k

X 21 —wv)A3 Sm‘ Tt (v -+ %) %,; [(TIT, Gmn2 T, -+ 2)(1mv)+



1634 O.K. Aksentian and I.I. Vorovich

sin? Tl 22A oo (___ 1)I{+1 0052‘}’ T 2 45 2
-sz—z—] 5 ;‘} —2x22_7_2!{(1~v;2_';)xax
T neIn=o i—o Ok (1" —05y) T — 3
(Po _ ZBe a0 4o OBi)
as? Jsan? R On R 0sdn

3 2+ 2
+ck2(1_—vTﬁ__;’)x_‘—w@ ﬁ)y
x[ri— =g (st o)+ ] G = St
4+ 2A o w{p 1——\?2—8\)2%])(
p=i(p=) 1P ="y
B e 8o o

_'Tp

T Tt 826}
2 a2 2_'pt bl
A2 (1= — 8y ™ —72)2 3 oy
2 )( 33C, aR’ 9¢, a 6zct>
3 y = 2 LR SRl e
“""7”{’” <”+2 5T VCOS' Y, \gan TR 5~ woaw ) T

2 ac, ak A2/ a2
-+ A7[2(1+—3~v005271 )W“[Tt — 55 -_.‘E?([‘Hz + 8s2>+"'] X

x [ —t)rze -2y 2 — Zveosty, ot} =

dn?
Az oT, ah A? a? a2
(5.2)
Thus, by takingm =0, 1, 2, ...; t =1, 2, 3, ... in equations (5.1)

to (5.2), we obtain in addition two denumerable systems of functional
equations, which, instead of (4.20) and (4.21), form a system of 2w+ 2
equations with exactly the same number of unknowns, namely \p'r, a\p/anir;
b, and c,.

6. We will now return to the problem of determining the boundary
values of y, dy/%n, B, and C,. We will seek y, b, and c, in the form of

the following series:
(5 1) =y (5, 1)+ My (5, ) + K2 () + - .
bie (8) == bug (8) + Abiy (8) + A2 by (s) + . .. (6.1)
cp (8) = ¢po (8) + Aepy (8) + Alcpa (s) 4. .
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Then, according to formulas (2.13) to (2.14) we have

ac

T’mﬂ = _L{Tpcpo +A (T”c”l - ;R'c”") + A'2['“’ m— Q%Cm
(STa;l’ Cpo -+ 2'r )] + A2 [7"6’3 — 5 (ﬁ% e T %) *
?g%‘ r %{szcm + A (71’201’1 - %cm) +

+ 42 [y — ey + (s cra— )| +

+ A? [Tp%p:; - l}é‘a—cpz + (Za% Cp — Cpl") -+ (‘2—;—1{ Cpo’ + 5‘?55- cpo)]—{— cen }

% | = b (e — i ) + [ — b =

_.<'3?asﬂ_nbko—’rszk;-)]—i—K“[okbm_%bkz_(%ﬁbh_*_i)_*_

Howw "°+26’R= b~ “23’281:2:“’ bo) | + } (6.3)
6_;1% r= Tiz'{dk’bko + A (cs,ﬁb,,1 —%{bm)) +

+ A [szbka — 6—;‘5-51:1 + (;—,;, bro — b”ko) +
+ A3 [szbka — fﬁibm + (;T’, by — bt ) + (23—:”?"171:; + 8—5_1%’ bko)] + .. }

If now (6.1) to (6.3) and the expansions in form (3.3) are substituted
into system (4.20), (4.21), (5.1) and (5.2), and terms of the same order
in A are grouped together, then the system can be written out in the
following form:

PA+PM+PM+...=0, RA+RM+FRM+...=0
Sml?w-*-szl’-i-Smav-l- “ .. =0 (m=0, 1,2,...) (6.4)
Tglk+T¢2k2+T‘3ks+...=0 (t=12,..)

By equating to zero the coefficients of like powers of A on the left-
hand sides of (6.4), we obtain a system of recurrence relations from

which one can successively find all the y,, b . and ¢ ;. In the first
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approximation we have

[e 0]

Tp
P1=2(v2——1)2l-——?~’-f{ o — 4v (v —1) x (6.5)
p=1 *
o sinty,
x % - <I§> oo (0) Ky (0, §) do = 0
x SIZTP "
R, = —1) 2 Cpy — 4v (v — 1) X (6.6)
[ o T2
x Y] S”; Tpf§> epo (0) K1y (0, §) do = 0
=1 r
_ 2(— ™1 3 cost, : .
Sml - = 0'mbmo“_ Gm p:l 7p2_“5m2 {(V - 1) Tp2cp0 + (6’)
2 2
+ (1 — vﬁﬂ_iim?) (1p? + OuTy) Cm} —0 (m=0,1,2,.)
TP —‘Gm
hod T, 21,2 (cos? v, — cos? 7)) .
Ty=—dv S D LCTTTON) g 4ord) + (6.8
om0 T TP

+2 (v 4+ Drp1ilepe + 292 18 (—0082 Tt ——1)% =0 t=1,2,...)

A more detailed investigation of system (6.8) shows that it has only
the zero solution c,0 = 0, 1f there is interest in solutions that lead
to physically meaningful states of stress and strain. Then, from (6.7)
we obtain: by = 0. In this connection, equations (6.5) and (6.6) will
have been satisfied.

By equating the coefficients of A%, we obtain the following relations:

P, — EUED [, |y —1)(aal‘i°+ 7o oo

+2(V2 1)2 —R" cpl_'
p=1
— 4v ( 1 (3) Ky, (0, 8) d (6.9)
p=1 r
9 aA\p BPa aR’ oy a %o\
Ry=——5(+ 1’[ ~ (v “(amz A= T e T
sin?
+ 2 (v —1)2J oo — 4v(v—1) \J TT“(§CPI(0)K11(0,s)ds+

p=1 p=1 r

+ 25 (0n + %) =0 (6.10)
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2 (= )™ (v 1) [ 62 a oy
Sma = ) (Goar = 7 e Juzg— S —
2™ G oot -
o {(V—1)Tp
1+
+(1—v—”——"‘—)(rp +cm'rp)}cm——Tm—0 (m=0,1,2,..) (6.11)
b 4

(o]

157" (cos® 1, — cos?
Ta=—bv 3 ot f’: :"’ [(v—D)xp2 1) + 2 (v D7a1i] e+
=1(pt) LR

ot (Heotr —1)en =0  @=123..) (642

From system (6.12) we again find that c¢,; = 0. From (6.9), (6.10),
we obtain the boundary conditions for the determination of y,, which,
as is easily seen, is identical with the boundary conditions in the
technical theory of the bending of plates based on Kirchhoff’s hypo-
thesis. System (6.11) allows the determination of b,,. By equationg co-
efficients of A3, we obtam

Po=3 o+ [niE+o—0G+5 )L+

+4@W+1) 2““ ber + 2 (v — 1) ZS“‘ LT

k=0
—dv (v — 1) Zs"’ Tp§cm (0) Kus (3, 5) dc—v;;i My =0 (6.13)
=1 T
A, ’

oo T (S F R e
— 4+ 1)2““ (=%t b+ 208 — 1) 3 e —
k=0 =1
—4v (v —1) Zsm 2 §6P2(0)K11(°" $) do + =5~ v+1 (003 + 3g;2)=0

=1

2(-1)’"*1 aR' 3y a
Sm {2v e e

+ v+ 1) [cm(-g:—?;—%’%)—_f%(%%—%%)]}ho+

2(= ™ '

Sa
"I"[— Gmbmz'}'ﬁ‘bml]_ S 12—, 2
p=1 P

To: + O

x{@ =D vtem+ (1— ”;p——) (Vseon + ToSmer) | —
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1 /0N, ‘ - a g N
___2?< S5 ‘Y‘cm'lm'z_"ﬁ{‘?m]}:o (m=0,1,2...) (615)
’ sinty, o 040 A2y a oy
= — 2 o ot T e _ T30 " v —
Ty = (1 v) T l"\ an? + (v 1)< 0t T TR on )J7 0
o0 2.2 a9 . o
A T*(cos~yt—~cos~7,) o -
— &Y j R Py — ) (7t ) A 2(v 1) Yemid o +
p=1(pet) ‘T{ Tp ) (Tg M’Yp)

’ \
Y

o ol 2 o T .
+ 2viy,3 («-—— cos’y; — 1/} C ﬁNn =0 (=1,273...; (6.16)

B
o3

From system (6.16) we determine €4y, which, in general, are non-zero.
Then, from (6.13) and (6.14), we find the boundary conditions for ¥y
and from system (6.15) we determine b, ,. This process can be continued
as far as desired, when ' and the loading is sufficiently smooth.

As can easily be seen, at each stage of the construction of the
asymptotic expansions it is necessary to solve exactly the same bi-
harmonic problem for region @ as that arising in the technical bending
theory for plates based on Kirchhoff’s hypothesis. In addition, it is
also necessary to solve a certain infinite system of algebraic equations,
i.e. to invert a certain infinite matrix. It should be particularly
emphasized that the coefficients of this system are quite well-defined
numbers which are independent both of the external loading and of the
boundary curve | of the plate. The matrix of this system can be inverted
once and for ever. As a subsidiary study shows, the inversion of this
matrix for physically meaningful classes of solutions is quite possible
and could be realized practically by means of the method of reduction.

It can also be proved that the biharmonic problem encountered at each
stage of the construction of the approximation is solvable,

7. In the assumptions made about the external loading, which were
mentioned in Section 3, the coefficients Bk, which characterize the
rotational state of stress, have an order of smallness in A one unit
larger than the biharmonic solution, and the coefficients C _, which
characterize the potential state of stress, have an order of smallness
in A two units larger than the biharmonic solution. Therefore, expan-
sions (6.1) actually have the forms

s, n) =y (s, n) -+ Mgy (s, ) A Gy ) L (7.1)

by (8) == Bbyy () o+ M2y (5) -+ Ay, () + - .. (1.2)
c, {(s) == ?C-’c;f: (s) -+ 7\."‘01,)3 {s) -} }‘%N (s) -+ ...

By making use of formulas (2.9), for Bk and Cp we obtain the
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asymptotic expansions

X

B, (s, m) ={ <1-—n SR -+ n? ngz ...)bkl(s)+h2[<1—n2—%—+nzg%—...)

2 F; ] a,n
X by, (9) —}——2?;(—— nl’—aﬂq— nW_F" .)bkl(s):l+ . .}exp—;—

9B, 3a? a 3a?
e {0]‘ (1—— n?_R +nigpr— .. .)bkl(s) + l[(—Z-R‘—{- nARE— "‘)bkl(s) -+

3a?
+0k(1—n2‘iR+n18—aRTz—--.>bk2(s)+
q 2 52 c,.n
+7(—n4%—na—sz+...)b“(s)]+...}exp . (1.3)
o*B 1 a 3a?
G =frot (- am e =)t 0+
3a? 3a?
+|i20k(_2'%—+"_4}§‘—2_'")bk1(3)+°k2(1—"—2%7+n2§1%_"')bk2(s)+
Iy 2 & 6,n
+—2k—(—n4%‘—nw+...)bkl(s)]+...}exp ;,
3 3a?
C, (s, m) = {;@ (1—n2R + n? 81:‘3 —.. ) cpa(s)-]-l,s[(i——nzﬁ + n? 8;1’ .)x
a? a2
X Cpg (s)«i—27 ( né—Rz——na—s?—}-...)c,J2 (s)J%...}exp
P
aC a 3a? a 3a?
—(9{_={A‘TP(1—n_+n2W—"')CP2(S)+A'2[(—2T+"[,T{T—"‘)X
X opa () 4 1y (1 —mote 4 n2 38— ) e () +
2 32
+7(—-n4%—n5;g—}—...)cp2(s):|+.. }exp_T;'.'— (7.4)
#C 3a2
s B P AP S P I
+7.[2Tp(—_2§+n4%——...)cp2(s)¢'r; (1—n21R.‘> 28:3’;:——...)%3(3)—{-

v at y] T
+ _Z_E(—nm—nﬁ¢...)cp2(s)]<{>.. }expr

If (7.1), (7.3) and (7.4) are substituted into formulas (4.6) and
(4.7), we obtain
- 2y PP (L Pyt a Ty 1 R 6%)]
n w‘[vanﬂ*ﬂv )(m W T ERm A st T

( 3a?

+2pk[(v—1)28p(§) n23 + n® gp— -">°m (s $
p=1

+ Z n, &) sz(i—n‘z%$ nzs%“:._ .. ) cm(s)]exp T—;”’l—{-
p=1
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e e e

ol {{2v3’l21+. &= {5 59
1 a2 . SN
P R O e D L o
+(v—1)2s(§)|: +235;?2_"‘>cp3(5)+2;‘_;(—nl:1%;‘_

oo
a? T,n ‘ ol 3q2
—nas t ) o (s)] exp “;@_ + }]np(g) Tp Hl —_ ni% + n‘ZSI;lZ —_— .. ) Cpg () +

p=1
1 a? a? T, 0
-+ Z—T;(— nype —naa b >cm, (s)] exp __;:Q 4
[e.0) 3 . T
- S, ( - I’L + nﬂ% .. ) pa () exp--T } I (7.5)
p=1
(1.6)

_ o _ 1 a0
o=k 0 08 (g = e 2 T

o0
. 3a? on
+ 2;17\,{— 2 0, sin 0, (1 — ni%. -+ n? 8—;%‘5 — . )bkl (s) exp T} -+

k=0
oun2 | (L P 1 e N
2 W(V+1)"<llanas TR s,j'

9]
a a 3a? \
\ sin 0, 7}-k1-—n23 +n2@—2-~—.../bk1 (s) —
k 0
da N 1 a? A% !
— )hkj (s) — — (——- n/iR‘f —n Pl + . )bkl (s) —

— 5 (1 — ni% -k on? R

T n
— (m 7{% +n ‘);_?2 ...)I;,ﬂ()] exp__"—+
ol r 3a? ! Tn
»{—Enp (C)Y,,H‘!![“i"‘"{—I—{“*“'lzé[%’* )CD2(S) exp_l’_ -
pe=1 :
(€] Tn ‘
T, = 2uh \ rpkg))'p(l—-n <+ n? 8RT—...>CM (s) exp_;j_j,_
= 1
8A + 3a? Spht
+2p7\,2{v(1 110 Ecosc,@,[@—n-—«f— nt 2% '—"'>bk1 (s)J expT—{-
a 3a? 1 a®
+Er (©) [TT,( —nﬂz_‘pnﬁgﬁz_—...)cz,s(s){—_z—(——nm
02 2
'_na—s?-*_'">0P2(s)+<_2‘%+n/?_n%_"')cm(s}GXP——_}+ . (1D
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n=uv+1)ac";%+m{(v+ 1) at J81 4

o0
+a2n(§)rp(i——n +n 28%2—...)cp2(s)expl%’i}«}... (7.8)
=1

u, = A (v + 1) atH o 4 32 {(v + )atar M
as Os

0.0
. a 3a2 oyn
—Zakgosmokg(l—nz-R—x} n’@z_—...>b,ﬂ(s) expT}-F

- (vt 1)a¢°—x(v+1)mpl+m[— v+ 1)a¢2—(v-—1)%amp.+

[+
. 2‘vaA1po—a qu(§)< n—‘? 28:;:'17 - > pz(S)eXpTl;‘ ]+
p=1

The first terms on the right-hand sides of formulas (7.8) correspond
to the solution in the technical bending theory of plates. Hence it
follows that the error in the determination of the displacements accord-
ing to Kirchhoff's hypothesis will be of order A compared with unity
over the whole closed region occupied by the plate. This result is in
agreement with the well-known results obtained on the basis of qualita-
tive investigations [9.10].

The state of affairs with the stresses is rather more complicated.
If the behavior of the stresses in the closed cylindrical sub-region
Q' x2h (Pig. 4) is considered, then in the determination of the stresses
here according to Kirchhoff’s hypothesis there will be an error of order
A compared to unity.* However, this result is valid namely for all sub-
regions Q' x 2h lying wholly within Q x 2h. In fact, on the boundary Q,

where n = 0, we will have

= 2uAl [Zv a:;o + (v — 1)( Ay + ;1? %ﬁg)]uo +

200 3 I — 1) 5, ©) 4 1,2 ny (O] ¢y () +
=1 Fig. 4.

+ 2up2 {[2v f,:ﬁ‘ + = 1)( a;j;’ +5 3 A )] +2 2 s.0,8by, () +
==}

* In the calculation of the degree of error, no account has been taken,
of course, of terms which have exponential order of decay relative to
A, i.e. of terms containing exp Ukn/A and exp ypn/h.
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D e

+ 21— 1) 5, Q) + T2, (D cpy () — 5 2 T ©) cpz(s)} +... (19

==1 p=1
_ I a:zwu p (711’ OO P
Tps = 2HA (v < 1) C( e el —}‘, —ﬁ) — 2pd léo Sy sin 0y Lbyy (s) +
. , ok AN
-H 2uA2 {(V + 1)L < 3n Bs ' TSL> +
+%sino"[2ab (s) — oyb » :
2 k5| = Dia (8) — Opbyg (9) ] + 2 7 (0 Tpepe (s)} +. (7.10)
k=9 ) p=1
T = 3k 2 O Ty 0 F 2 [y — gy 20|
p=1 -
+ 2080y (4 X O e, 0 — 5 e .. (D
k=0 r=1

The first terms on the right-hand sides of (7.9) and (7.10) corre-
spond to the solution of the technical bencing theory for plates. The
remaining terms will be supplementary to the solution of the Kirchhoff
theory. The formulas show that among them there are terms of the same
order in A as in the solution for the technical bending theory. In other
words, the error in the application of Kirchhoff’'s hypothesis will have
zero order in A relative to unity as A - 0. If expression (7.11) for
T,, 18 considered, then as A — 0 the corrections to the terms given by
the Kirchhoff hypothesis begin to play an important part, and here the
error in the Kirchhoff hypothesis turns out to be arbitrarily large.

These conclusions, in our opinion, are of great importance. They
show, for example, that it is necessary to exercise caution in estimat-
ing the state of stress near the boundary of the plate on the basis of
Kirchhoff’s hypothesis. The last feature is of great practical importance
because during the bending of plates the greatest stresses usually occur
at the boundary of cutouts and from these stresses one can calculate the
stress-concentration factor. The method developed here makes it possible
to study the question of the accuracy of the Kirchhoff theory in the
calculation of stress concentrations.

Further, let us note the following fact: we will assume that on each
section s = const we have a statically self-equilibrating loading. In
this case, as can be easily seen, Yo = 0, and Y, is non-zero in general.
This indicates that in the present case, in spite of the fact that the
loading on each section is self-equilibrating, there will be a state of
stress penetrating without decay into the depth of the plate. However,
it will be of a higher order. The stress concentration in this case, it
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is clear, cannot be found from the technical bending theory for plates.

10.
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